THE ARITHMETIC GEOMETRIC MEAN INEQUALITY

BRAM KUIJVENHOVEN

Theorem 0.1. (Arithmetic Geomelric Mean Inequality) If xt; > 0 fori=1,...,n,

then )
n n 1 n
(1-) <i3-
=1 =1

Proof. Let ; > 0 for i = 1,...,n. If n =1, then the inequality is satisfied (with
equality). So let’s take n > 2. We consider two cases.

Case 1: There exists an ¢ € {1,...,n} with 2; = 0. Then ([], xi)% = 0.
Because all z; are non-negative, % Z:’:l x; > 0. This proves the inequality for this
case.

Case 2: x; >0forv=1,...,n. Define

n
s = Z.’EZ
i=1
Now consider, for s > 0 fixed, the optimization problem

gy o )

o= () ()

n—1
.7::{XER“’_l:xi>0fori:1,...,n—1and ZCL‘Z'<S}
i=1

Note that the closure of F and the boundary of that closure are given by

with

n—1
fz{XER"1:xi20fori=1,...,n—1and ings}

i=1
n—1

OF = {xeR”_l cx;=0foranie {l,...,n—1} or in:s}
i=1

See figure 0.1 for an example plot of ¢.

¢ is continuous and F is closed and bounded, so ¢ has a maximum on F. We
know that any global maximum of ¢ on F lies either on the boundary dF or in the
interior, which equals F. Note that

¢ (x) =0 for x € OF
Any maximum of ¢ at x € F must be a critical point, i.e. it must satisfy
Vo (x) =0

Fori=1,...,.n—1

9 n—1 n—1
am_qb(x): H x; S—ij—a:i
! J=1,5# j=1
1
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Example plot of ¢ with n =3 and s =1

FiGure 0.1.

.,n—1on F, x must satisfy

Since z; Z0for i =1,..

n—1
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Ofori=1,..

1

J

This be written as the system of linear equations
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which has the unique' solution

Note that

>0=¢(x) for all x € OF

We conclude that there is a unique global maximum of ¢ on F, at X.

[a1 .. .an_l] and I = [e1 .. .en_l}

LTo see that a solution is unique, consider that, writing A

for the identity matrix, we have

i+1 — ...~ T -ap-—1
2n

— —a
2n

.,n— 1. This shows that the matrix A is invertible, from which the statement follows.

fori=1,..
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Returning to our Case 2, we see that (z1,...,2,-1) € F and thus
s s
(z)(mla"'vxn—l) § ¢(7377>
n n
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This proves the inequality for this case.
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