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Theorem 0.1. (Arithmetic Geometric Mean Inequality) If xi ≥ 0 for i = 1, . . . , n,
then (

n∏

i=1

xi

) 1
n

≤ 1
n

n∑

i=1

xi

Proof. Let xi ≥ 0 for i = 1, . . . , n. If n = 1, then the inequality is satis�ed (with
equality). So let's take n ≥ 2. We consider two cases.

Case 1: There exists an i ∈ {1, . . . , n} with xi = 0. Then (
∏n

i=1 xi)
1
n = 0.

Because all xi are non-negative, 1
n

∑n
i=1 xi ≥ 0. This proves the inequality for this

case.
Case 2: xi > 0 for i = 1, . . . , n. De�ne

s =
n∑

i=1

xi

Now consider, for s > 0 �xed, the optimization problem
max
x∈F

φ (x)

with

φ (x) =

(
n−1∏

i=1

xi

)(
s−

n−1∑

i=1

xi

)

F =

{
x ∈ Rn−1 : xi > 0 for i = 1, . . . , n− 1 and

n−1∑

i=1

xi < s

}

Note that the closure of F and the boundary of that closure are given by

F =

{
x ∈ Rn−1 : xi ≥ 0 for i = 1, . . . , n− 1 and

n−1∑

i=1

xi ≤ s

}

∂F =

{
x ∈ Rn−1 : xi = 0 for an i ∈ {1, . . . , n− 1} or

n−1∑

i=1

xi = s

}

See �gure 0.1 for an example plot of φ.
φ is continuous and F is closed and bounded, so φ has a maximum on F . We

know that any global maximum of φ on F lies either on the boundary ∂F or in the
interior, which equals F . Note that

φ (x) = 0 for x ∈ ∂F
Any maximum of φ at x ∈ F must be a critical point, i.e. it must satisfy

∇φ (x) = 0

For i = 1, . . . , n− 1

∂

∂xi
φ (x) =




n−1∏

j=1,j 6=i

xj





s−

n−1∑

j=1

xj − xi




1
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Figure 0.1. Example plot of φ with n = 3 and s = 1

Since xi 6= 0 for i = 1, . . . , n− 1 on F , x must satisfy

s−
n−1∑

j=1

xj − xi = 0 for i = 1, . . . , n− 1

This be written as the system of linear equations

Ax =




2 1 · · · 1 1
1 2 1 1
... . . . . . . . . . ...
1 1 2 1
1 1 · · · 1 2







x1

x2

...
xn−2

xn−1




=




s
s
...
s
s




which has the unique1 solution

x̂ =
( s

n
, . . . ,

s

n

)T

∈ F

Note that
φ (x̂) =

( s

n

)n

> 0 = φ (x) for all x ∈ ∂F

We conclude that there is a unique global maximum of φ on F , at x̂.

1To see that a solution is unique, consider that, writing A = [a1 . . .an−1] and I = [e1 . . . en−1]
for the identity matrix, we have

ei = − 1

2n
a1 − . . .− 1

2n
ai−1 +

1

2
ai − 1

2n
ai+1 − . . .− 1

2n
an−1

for i = 1, . . . , n− 1. This shows that the matrix A is invertible, from which the statement follows.
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Returning to our Case 2, we see that (x1, . . . , xn−1) ∈ F and thus

φ (x1, . . . , xn−1) ≤ φ
( s

n
, . . . ,

s

n

)

n∏

i=1

xi ≤
( s

n

)n

(
n∏

i=1

xi

) 1
n

≤ s

n
=

1
n

n∑

i=1

xi

This proves the inequality for this case. ¤


